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ABSTRACT

The long term trajectory generation program VARPAR
was obtained from Bell Telephone Laboratories in order to
determine its possible use in Skylab mission analysis. This
program was found to be able to generate a 240-day Skylab
trajectory in thirty seconds of CPU time on the UNIVAC 1108
computer. VARPAR trajectories were compared to actual satel-
lite histories and found to have a maximum error of 117° in
mean anomaly after 270 days, which is well within the disper-
sion to be expected due to drag. Trajectories generated by
MSC and MSFC were also compared to VARPAR trajectories. Here
the uncertainty due to drag was ostensibly eliminated by
using equivalent drag models and data. These MSC and MSFC
trajectories differed in argument of latitude by a maximum
of 0.6° and 51° respectively after 29 days of propagation.
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Introduction

Mission analysis for Skylab requires the need of
a trajectory generator which can compute a very accurate
trajectory over periods of time up to 240 days. It should
also be able to generate these trajectories in a minimum
of computer time, in order that it may be used effectively
in mission planning iterations. Bellcomm currently uses a
program known as BCMASP to generate these orbital trajectories.
This program uses standard methods of numerical integration
to propagate the position and velocity vector of a satellite.
While this method is accurate for many purposes, it is
extremely slow and requires an enormous amount of computer
time to generate a 240-day trajectory. Therefore, a study
of the available literature was undertaken in search of a

better technique for propagating a satellite state in earth
orbit.

During this investigation it became apparent that
most high speed orbit propagation techniques work with some
form of mean orbital elements generally related to Keplerian
osculating conic elements. Translation between these mean
elements and instantaneous position and velocity vectors
generally appeared difficult and often ill-defined -- a
handicap because we required input and output to be in this
form. An exception was the technique described in References
1 and 2 wherein osculating conic elements are directly
propagated. Translation to and from instantaneous position
and velocity vectors is relatively straightforward and can
be done with well known standard equations. This technique
had been developed at the Bell Telephone Laboratories (BTL),
named VARPAR, and was claimed to feature a high degree of
accuracy over long terms of propagation and extremely fast
orbit propagation. The technique had been coded into working
computer routines and Mr. George J. Miron of BTL obligingly
supplied us with card decks and documentation. The programs
were converted for use on the UNIVAC 1108, checked out, and
then numerous comparison studies were performed.



VARPAR

VARPAR is a trajectory generation program which
propagates the osculating conic elements of a satellite's
orbit from one ascending node to the next. The orbital
elements generated are: semi-major axis (a), inclination
(i), right ascension of the ascending node (Q), eccentric-
ity multiplied by the sine of the argument of perigee (m),
eccentricity multiplied by the cosine of the argument of
perigee (1), and the time of pseudo-nodal passage, T=t1-w/n
(where 1 is the time of perigee passage, w is the argument

of perigee, the mean motion n = / u7a3' with u the gravi-

tational constant of the earth). This set of orbital
elements is valid for both circular and elliptical orbits.

The equations evaluated by VARPAR were derived
by integrating Lagrange's planetary equations by analytic
quadratures. The independent variable in this integration
was the argument of latitude. This integral was evaluated
between 0 and 2r radians to yield what is defined as secular
changes in the elements from one node to the next. This
definition of secular changes combines the effects of both
the long term periodic and the secular changes that some
other authors define. Short period variations are omitted,
since by definition their integral is identically zero over
each full revolution. The equations account for orbit
perturbations due to the earth's oblateness by considering
the first 14 zonal harmonics of the geopotential. These
closed form equations are valid for all non-equatorial orbits,
including those at the so-called critical inclination. The
effects of atmospheric drag and solar and lunar gravitation
were also derived as closed form equations. Together, these
equations yield a highly accurate evaluation of the secular
variation in the orbital elements in traveling from ascending
node to ascending node.

Simplified equations are also included to get the
elements at some intermediate time between nodal crossings.
These equations assume the secular changes continue linearly
over the orbit, and add the strong short-period perturbation
due to J2, the principal earth oblateness term. While there

is an intrinsic error in omitting higher order effects, the
error magnitude remains small because the simplified equations
are only used up to 360° of motion. Although VARPAR can go
from a node to an intermediate point, it cannot do the reverse;
the trajectory must be initialized at an ascending node. This
ensures that the highly accurate node-to-node propagation is
not inadvertently corrupted by erroneous initial data, and

puts the burden on the user to provide suitably precise initial
values at a node.



The drag perturbation equations in VARPAR assume
an atmosphere of the form:

-gh

T, B

1+ =

(8,8,/R) R,

p = p_€ = poe

where p 1s the atmospheric density, Por Bo’ and Bl are

constants and R is the geocentric distance to the vehicle.
In the alternate form, h is altitude above a spherical earth
of radius Re and B is an empirical constant. This expres-

sion was originally selected because it rather accurately
matched the 1962 U.S. Standard atmospheric density model
over an altitude range of several hundred thousand feet.
The expression is less successful in fitting the Jacchia
atmospheric density model in that the region of good
agreement shrinks to one-tenth the previous size. However,
for near circular orbits like the Skylab, this limited
region of agreement presents no problem.

Equation (1), which defines the atmospheric density,
was used to develop the analytic expressions for the changes
to the orbital elements. The constants Por Bor and B, are
determined outside VARPAR by fitting Equation (1) to the
atmospheric density data desired. The Jacchia atmosphere
model is more complicated in that it includes a bulge toward
the sun and slow variations due to changes in solar activity
in addition to the predominant decay versus altitude. Since
Equation (1) accounts for only the altitude variation, the
other factors had to be accounted for by other means. The
solar bulge was eliminated by averaging the densities at a
given altitude on a specific date around an orbit and for
all orientations between the orbit plane and sun. Since the
variation in this average density for various dates was large
(due to predicted changes in solar activity), the averages were
computed and fitted with Equation (1) at two-month intervals.
The constants Po? Bo’ and Bl for each date were then arranged

in a table for VARPAR to reference as needed.

The analytic equations describing the changes in
the orbital elements due to drag are not valid for all
eccentricity - semi-major axis combinations. In fact,

(1)



must be satisfied in order to insure convergence of the
equations. For example, the Skylab orbit with a semi-major

axis of 22,353,625 ft and 8, equal 2.826 x 10% must have

an eccentricity less than .095. This limit is clearly much
larger than any eccentricity expected for Skylab.

Speed and Accuracy Tests

VARPAR was found to be able to generate a 240-day
Skylab trajectory that consisted of the time and longitude
of every ascending nodal crossing in thirty seconds of CPU
time on a UNIVAC 1108 computer. This run was made with the
standard version of VARPAR and included the effects of atmos-
pheric drag and solar and lunar perturbations. The program
used about 19,000 decimal words of storage. For comparison,
Bellcomm's general orbital simulator (BCMASP), which numeri-
cally integrates state vectors, took over two hours of CPU
time to generate a similar 240-day trajectory. With VARPAR's
small storage requirement and the rapid computation speed,
VARPAR will certainly be very useful since it may be used
frequently.

The accuracy of VARPAR was determined by comparison
with two satellite orbit element histories published by the
Smithsonian Astrophysical Observatory. These mean orbital
elements were computed from tracking data and are available
for periods of several hundred days. Specifically, the two
satellites used in the test are the 1962 gy and the 1964-5A
(saturn V) (References 3, 4, 5, and 6). The 1962 Bu was in
an orbit with a semi-major axis altitude of 609.8 nm and an
eccentricity of .0076. The 1964-5A was in an orbit with a
semi-major axis altitude of 273 nm and an eccentricity of
.03580. The 1962-Bu was a test of VARPAR in the absence of
drag, while the 1964-5A, with its 140 nm perigee altitude,
was a test with large drag perturbations.

In order to compare the VARPAR osculating orbital
elements with the Smithsonian mean elements, a computational
procedure was needed to convert osculating elements to mean
elements. Osculating orbital elements represent the instan-
taneous conic orbit while the Smithsonian mean elements are
essentially osculating elements with the short period varia-
tions removed. The transformation was made by averaging the
osculating elements over one nodal period, centered about
the desired epoch. This had the desired effect of eliminating
the short period terms in the osculating elements.



Initializing VARPAR from the Smithsonian data
was computationally difficult. As stated earlier, VARPAR
requires osculating orbit elements at the ascending node
for initialization and converting from mean elements to
osculating elements is an ill-defined process. Since the
Smithsonian gives mean orbital elements at 24-hour inter-
vals, not at the node, a multiple step conversion process
was developed. This process involved the evaluation of
analytic expressions (based on Kozai's work, Reference 8)
to obtain an estimate of the position and velocity vectors
at the given epoch. The vectors were then numerically
integrated forward to the nearest ascending node where the
state was converted back to the osculating elements needed
to initialize VARPAR. When these osculating elements were
projected by VARPAR to each of the subsequent data epochs,
they matched quite well in all the elements except mean
motion, where the error residuals included a linear slope
and pseudo-random fluctuations. (The Smithsonian elements
contain mean motion in place of semi-major axis.) Recog-
nizing that the linear component would be caused by an
erroneous semi-major axis, the initial value of this param-
eter was iteratively changed to eliminate the linear trend
over the period of interest. The results of the test
compare the eccentricity, inclination, ascending node,
argument of perigee, and mean anomaly at each epoch listed
by the Smithsonian.

The 1964-5A required, as input, a ballistic
coefficient in order to compute the drag effects. A

ballistic coefficient for this satellite of 116 kg/m’
given in Reference 7 was used. The 1962 Bu was projected
with no drag perturbations.

_ The results of projecting the 1962 Bu are shown
in Figure 1. This is a plot of the error in mean anomaly
versus time in days. This figure shows a maximum error of

+2.0 degrees in 360 days. The other orbital elements computed

were within the stated accuracy limits of the Smithsonian
data and were not plotted.

The 1964-5A results are shown in Figures 2, 3,
and 4. Figure 2 shows the error in mean anomaly versus
time. The mean anomaly for this satellite differs from
the VARPAR solution by a maximum of 117 degrees in the
270 day period considered. Figure 3 shows the error in
right ascension of the ascending node. Here the maximum
error is .22°. Finally, Figure 4 shows the error in
argument of perigee which, at most, is 1.2°. The other
element errors were within the accuracy limits of the
reference set.



The good accuracy of the prediction of the
1962 Bu satellite serves to verify VARPAR's model of the
perturbations due to oblateness and solar-lunar gravita-
tion. For the 1964-5A orbit the systematic variation in
the mean anomaly residual error is probably due to an
imperfect drag or atmosphere model. These same errors
would occur in any other trajectory generator that uses
a comparable drag model and in any case, are acceptable
for use in most mission planning activities.

VARPAR was also compared with the trajectory
generation programs used at MSC and MSFC. These compari-
sons were based on standard Skylab orbits computed with
drag perturbations for a period of 29 days. Reference 9
contained the MSFC trajectory and Reference 10 the MSC
trajectory. This comparison required very precise input
conditions in order to make the results meaningful. Since
computational difficulties are present in converting a
state vector given at an arbitrary time to orbital elements
at a node, the initial conditions needed for VARPAR were
computed iteratively. This computation solved for the
orbital elements at the node previous to the first data
point of each trajectory. These initial values were
iteratively changed until VARPAR produced the exact
orbital elements at the first data point of each trajectory.

Figures 5, 6, and 7 show the differences between
VARPAR and the MSFC trajectory for semi-major axis, argument
of perigee, and argument of latitude. Figures 8, 9, and 10
show the differences between VARPAR and the MSC trajectory
for the same orbital elements. The inclination, ascending
node, and eccentricity differences were insignificant in
both cases and, therefore, were not plotted. As can be
seen in the figures, VARPAR was in close agreement with the
MSC trajectory, but was not nearly so close to the MSFC
trajectory.

VARPAR was also compared with a corresponding MSC
Skylab trajectory computed without the drag perturbations.
The differences for this 240-day projection are shown in
Figures 11, 12, and 13 for the semi-major axis, argument
of perigee, and argument of latitude. The differences in
inclination, ascending node, and eccentricity were again
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